Entanglement and spin squeezing in the three-qubit transverse Ising model 



XiaoGuang Wang 

Zhejiang Institute of Modern Physics, Department of Physics, Zhejiang University, HangZhou 310027, China 

We study entanglement and spin squeezing in the ground state of three qubits interacting via the 
transverse Ising model. We give analytical results for the entanglement and spin squeezing, and a 
quantitative relation between the concurrence, quantifying the entanglement of two spins, and the 
spin squeezing parameter, measuring the degree of squeezing. Finally, by appropriately choosing 
the exchange interaction and strengths of the transverse field, we propose a scheme for generating 
entangled W state from an unentangled initial state with all spins down. 



PACS numbers: 03.67.-a,03.65.Ud,75.10. Jm 



o ■ 
o ■ 

<n : 

CO ■ 



> 
oo 
m 
o 

On : 
O ■ 

-xf ■ 

o : 

^ ■ 

a,: 

^— > 

CT 1 - 



X 



Entanglement in many-body systems have attracted 
much attention 0-0. Spin squeezing, resulting from 
quantum correlations between spins, has been a subject 
of much studies in recent years 0]-[32|]. Interestingly, 
there exist close relations between the entanglement and 
spin squeezing [23L |3S| , which enhances the importance 
of spin squeezing. 

In this paper, we study ground-state entanglement and 
spin squeezing in the three-qubit transverse Ising model 
(TIM), which can be exactly solved. For the two-qubit 
case, analytical results of the entanglement in the TIM 
have been given by Gunlycke et al. [3(. Here, we give an- 
alytical results of pairwise entanglement and spin squeez- 
ing for the three-qubit case. It was found that the spin 
squeezing is equivalent to bipartite entanglement for an 
arbitrary two-qubit pure state j^]. However, for the case 
of three qubits or more, in general the entanglement is 
not equivalent to spin squeezing, and there could exist 
some relations between them |38|. We study relations 
between entanglement and spin squeezing for three-qubit 
states. We also propose a scheme for dynamically pro- 
ducing an entangled W state |M IM Eil EJ El El in 
the TIM. 

Transverse Ising model. We first consider the iV-qubit 
TIM, and the corresponding Hamiltonian is given by 



H 



N 
i=l 



N 



0~i+lx 



(1) 



where u\ = (cri x ,ai y , o~i Z ) is the vector of Pauli matri- 
ces, J is the exchange constant, and B is the magnetic 
field. The positive and negative J correspond to the an- 
tiferromagnetic (AFM) and ferromagnetic (FM) case, re- 
spectively. We assume periodic boundary conditions, i.e., 
N + 1 = 1, and J > 0, B > 0. 

There are several symmetries in the TIM which are 
useful for our analysis. The first obvious symmetry of H 
are is the translation invariance, which implies that the 
entanglement between any nearest qubits are equal. The 
second one is the Z2 symmetry, i.e., H commutes with 
E», where 



0~2a 



•o- Na (a = x,y,z). 



(2) 



This symmetry guarantees that the reduced density ma- 
trix of two nearest qubits , say qubit 1 and 2, for the 



ground state p = |5 , o)(5 , o| has the following form 



P12 
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(3) 



in the standard basis {|00), |01), |10), |11)}. The reality of 
y and z results from the third symmetry, the reflection 
symmetry, i.e., the Hamiltonian is invariant under the 
transformation Yln^^^N-n+i, where is the swap 
operator for qubit i and j. Then, by the standard pro- 
cedure for calculating the concurrence C E3| j the entan- 
glement measure of two qubits, one finds 



C = 2 max(0, \z\ — y/uv, \y\ — w). 



(4) 



The fourth symmetry is that the Hamiltonian is invariant 
under the joint transformation B — * —B and T, X H'E X . 

Eigenvalue problem. Now we restrict ourselves to the 
three-qubit case, and solve the eigenvalue problem of the 
TIM. Once the ground state is obtained, we can anal- 
yse their entanglement and squeezing properties. Since 
we impose the periodic boundary condition, the transla- 
tional invariance ensures that the Hamiltonian matrix 
reduces to submatrices by a factor of the number of 
qubits We choose the following basis, 
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|no)), 



(5) 

where to = exp(i2ir/3). These are all eigenstates of the 
cyclic right shift operator T, which is defined by its action 



2 



on the product basis 

T|mi,m 2 ,m 3 ) = |m 3 ,mi,m 2 ) 

For instance, 

T|Vi)=^|Vi>- 



(6) 



(7) 



By using the above basis, and considering both the 
translational invariancc and the Z 2 symmetry, we see 
that the 8x8 Hamiltonian matrix of the TIM can be re- 
duced to submatrices that are no more than 2x2. Thus, 
all eigenvalues and eigenstates can be obtained analyti- 
cally. The eigenvalues are given by 
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B-J, 
-B-J. 



As we are interested in the ground-state properties, only 
ground-state vector is given as follows 

|*o) =oi|lll) + oa|W0 

=ai|lll) + ^(|100) + |010) + |001)) > 



a 1 



a 2 



V3J 



y/3 J 2 + [E + 3B) 2 ' 

E + W 
^3 J 2 + (Eb + 35) 2 ' 



(9) 



where 



\W) = IV3) - ^= (|100) + |010) + |001)) (10) 

is the W state . Then, the eigenvalue problem is 
completely solved, and specifically the ground state is 
explicitly obtained. We next study the entanglement and 
squeezing properties of the ground state. 

Entanglement and spin squeezing. To study entangle- 
ment and squeezing, we consider a more general state 
given by Eq. @ with the coefficients a\ and a 2 being ar- 
bitrary. Without loss of generality, these coefficients can 
be chose as 



ai = cost), a 2 — sin0exp(z0), 



(11) 



where 4> is the relative phase between state | 111) and the 
W state. 

Tracing out the third qubit, we obtain the two-qubit 
reduced density matrix of state for qubits 1 and 2, which 
is given by Eq. @ with the matrix elements 



a 2 a 1 

vr 



w = u 



■, v = \ai\ A 



(12) 




FIG. 1: The concurrence and spin squeezing parameter versus 



Thus, from Eq. Q, the concurrence for qubits 1 and 2 is 
obtained as 



C 



2|o 2 | 



||a 2 |-V3|ai||. 



(13) 



We see that the entanglement between qubits 1 and 2 is 
independent on the relative phase 0, and only determined 
by one single parameter 6. 

Now, we consider spin squeezing of the state, which is 
obviously of even parity. For the three-qubit state with 
parity, the spin squeezing parameter is given by |38| 



e 



[(s 2 z ) + \(s 2 _)\] 



(14) 



where 



and 5*- 



S a 



(ai a +a 2a +<r 3a )/2,a € {x, y,z}, (15) 
— iS y . Applying the above equation to the 



general state, we obtain 



^ = l + -|a 2 |(|a 2 | 



V3|ai|). 



(16) 



The squeezing parameter is also independent of the rel- 
ative phase <j). We also note that the concurrence and 
the squeezing parameter is a periodic function of 9 with 
period 7r. 

In Fig. 1, we plot the concurrence and the squeezing 
parameter versus 9 within one period. There exist two 
special values of 9, 9\ = 7r/3 and 9 2 — 2ir/3, at which the 
concurrence is zero and the squeezing parameter is one. 
We observe that for 9 6 (0, #i)U(0 2 , 7r), the entanglement 
and spin squeezing are equivalent, i.e., the entanglement 
implies spin squeezing and vice versa. For 9 € (61,62), 
the state is pairwise entangled, but not spin squeezed. 

Analytically, from Eqs. (|13|) and (ll(j|) . we obtain a rela- 
tion between the concurrence and the squeezing param- 
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FIG. 2: The concurrence and spin squeezing parameter versus 
the transverse field for the ground state of TIM ( J = 1). 



Generation of the W state. The ground state is a su- 
perposition of W state and state 1 1 1 1) , implying that it 
is possible to generate W state in this system. We now 
consider the Hamiltonian dynamics to generate the W 
statem. 

Let the initial state of the system be 

1-0(0)) = |111}. (20) 

Then, the dynamics of the system will happen in the two- 
dimensional subspace spanned by 1 1 1 1) and the W state. 
The Hamiltonian H in this subspace is expressed as 

/ -3B V3J \ 
\ V3J 2 J + B ) 

=J-B- (J + 2B)a z + V3Ja x . (21) 
The action of the evolution operator 



ctcr 



U = exp(-iHt) 



(22) 



C 



\e-i\_ j ±# if e<i, 



^ if e > i. 



(17) 



For £ 2 <= 1, we recover the relation [ssj . 

£ 2 = 1 - 2C. (18) 

For £ > 1, the squeezing parameter and the concurrence 
satisfy an interesting relation 



e 2 = 1 + 2C. 



(19) 



Specifically, for the W state, C = 2/3, and from the 
relation, we have £ 2 = 7/3. Having studied the entangle- 
ment and squeezing properties of the general superposi- 
tion state of | 111) and W state, we next investigate the 
ground state of the TIM. 

Substituting the expression of a% and a-i in Eq. ||§J to 
Eqs. Ijl3(l and (|16J) . we then obtain the analytical ex- 
pressions of concurrence and the squeezing parameter 
for the ground state. Figure 2 gives the numerical re- 
sults of the concurrence and squeezing parameter versus 
the transverse field B. The spin squeezing parameter 
monotonously increases with the increase of the magnetic 
field, while the concurrence monotonously decreases. In 
the limit of B — > oo, the ground state will be 1 1 1 1) , and 
there are no spin squeezing (£ 2 = 1) and no pairwise en- 
tanglement (C = 0). It is also interesting to consider an- 
other limit of B — > 0, in which the coefficients a\ — > \/3/2 
and a 2 — > -1/2. Thus, from Eqs. (jT3|) and JTBJl, the con- 
currence and the spin squeezing parameter approach to 
1/3 in the limit. 

We also observe from Fig. 2 that the squeezing param- 
eter £ 2 < 1 for any B > 0. Thus, from relation 1)170. 
we know that the entanglement and spin squeezing are 
equivalent for the ground state. In fact, from Eqs. © 
and (|16fl . the inequality £ 2 < 1 can be easily proved for 
the ground state 



leads to oscillations between state |111) and the W state. 
From Eq. I|21|l . the state vector at time t, up to a global 
phase factor, is obtained as 

\ip(t)) = [coscot + i cosd smuit] | 111) , 
+ i sin 9 sin ujt\W) 



uj =V3J 2 4 
9 = arctanf 



(J + 2B) 2 , 
-V3J/(J + 2B)], 



(23) 



Specifically, when J + 2B=0 and t = tt/(2 v / 3| J\), the 
state vector is just the W state. Note that we have re- 
moved the previous assumption J > and B > here. 
In order to generate the W state, J and B must have 
opposite signs and satisfy |J| = 2\B\. We see that the 
entangled W state can be exactly generated by appropri- 
ate choosing parameters and initial states. In the scheme 
of generating the W state given in Ref. Q , it is crucial 
that there must have one excitation in the initial state. 
However, in the present scheme, no excitation is needed 
for the initial state. 

In conclusion, we have first obtained the exact ground 
state of the three-qubit TIM, and then the analytical re- 
sults of entanglement and spin squeezing. It has been 
found that the pairwise entanglement and spin squeez- 
ing are equivalent for the ground state of the three-qubit 
TIM. We have proposed a scheme for generating three- 
qubit W state via Hamiltonian evolution. There are 
many physical systems which can be described by the 
TIM, and the scheme could be feasible in experiments. 
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